Under the conventional scale setting, the renormalization scale uncertainty usually constitutes a systematic error for a fixed-order perturbative QCD estimation. The recently suggested principle of maximum conformality (PMC) provides a principle to eliminate such scale ambiguity in a step-by-step way. Using the PMC, all non-conformal terms in perturbative expansion series are summed into the running coupling, and one obtains a unique, scale-fixed, scheme-independent prediction at any finite order. In the paper, we make a detailed PMC analysis for both the polarized and the unpolarized cross sections for the double charmonium production process, e + + e − → J/ψ(ψ ′ ) + χcJ with (J = 0, 1, 2). The running behavior for the coupling constant, governed by the PMC scales, are determined exactly for the specific processes. We compare our predictions with the measurements at the B factories, BABAR and Belle, and the theoretical estimations obtained in the literature. Because the non-conformal terms are different for various polarized and unpolarized cross sections, the PMC scales of these cross sections are different in principle. It is found that all the PMC scales are almost independent of the initial choice of renormalization scale. Thus, the large renormalization scale uncertainty usually adopted in the literature up to ∼ 40% at the NLO level, obtained from the conventional scale setting, for both the polarized and the unpolarized cross sections are greatly suppressed. It is found that the charmonium production is dominated by J = 0 channel. After PMC scale setting, we obtain σ(J/ψ + χc0) = 12.25 
I. INTRODUCTION
Perturbative quantum chromodynamics (pQCD) calculations are essential to describe processes with large momentum transfer. The double charmonium production processes, e + + e − → J/ψ (ψ ′ ) + χ cJ with (J = 0, 1, 2), play an important role for understanding the production and hadronization properties of the heavy quarkonium. In addition to being a demonstration of the non-relativistic QCD (NRQCD) factorization [1] , such kind of charmonium production also provides a good opportunity to learn pQCD color-singlet mechanism [2] .
In the literature, these processes have been studied
where λ 1 and λ 2 stand for the helicities of the outgoing * email:wuxg@cqu.edu.cn J/ψ and χ cJ . The tree-level coefficients 
where the charm quark electric charge e c = 2/3 and the color factor C F = 4/3. The dimensionless parameter r = 4m λ(x, y, z) = x 2 + y 2 + z 2 − 2xy − 2yz − 2zx.
The parameters |R J/ψ (0)| and |R ′ χcJ (0)| are the radial wavefunction at the origin and the first derivative of the radial wavefunction at the origin for J/ψ and χ cJ , respectively. The LO coefficients c J λ1,λ2 and the NLO coefficients B J λ1,λ2 (µ R ) are put in the Appendix. The parameter µ R stands for the renormalization scale.
For calculating all the polarized and the unpolarized cross sections of the processes e + + e − → J/ψ (ψ ′ ) + χ cJ , one needs to introduce the renormalization scale µ R . In the literature, it is usually taken as the typical momentum flow of the process (Q), e.g. Q = 2m c or √ s/2 or √ s, respectively. However which one can result in the right theoretical estimation is not clear. As for conventional scale setting, the renormalization scale is fixed once it has been set to be Q; for convenience, we call it the initial renormalization scale µ init R . That is, under conventional scale setting, one always sets µ R ≡ µ init R = Q. It has been observed that under such scale setting, one usually obtains sizable renormalization scale dependent estimation [3] [4] [5] [6] [7] [8] , which could be up to 40% − 50% for taking µ R to be the above mentioned three typical scales, and up to 10% − 20% by varying µ R within the region of [Q/2, 2Q] for a specific Q. Thus, the renormalization scale uncertainty usually provides a large systematic error under the conventional scale setting. Especially, the arbitrary choice of [Q/2, 2Q] could be misleading in certain cases. For example, Ref. [9] argues that after including the first and second order corrections to the deep inelastic sum rules which are due to heavy flavor contributions, the renormalization scale µ R should be taken as µ R ∼ 6.5 m, if taking the typical scale Q to be the corresponding heavy quark mass m.
Recently, it has been pointed out that the principle of maximum conformality (PMC) provides a possible solution for eliminating such renormalization scale ambiguity [10] [11] [12] [13] [14] [15] [16] . PMC provides the underlying principle for the BLM mechanism [17] , a recent review on PMC can be found in Ref. [18] .
The main idea of PMC lies in that one can first finish the renormalization procedure for any pQCD process by using an initial value for the renormalization scale (µ init R ), and then set the effective or optimal PMC scale for the process. The PMC scale is generally different from µ init R , which is formed by absorbing all non-conformal terms that rightly governs the running behavior of the coupling via the renormalization group equation into the coupling constant [11] . In different to conventional scale setting, one can choose any arbitrary value to be µ init R , but the optimal PMC scale and the resulting finite-order PMC prediction are both to high accuracy independent of such arbitrariness, consistent with the renormalization group invariance. The PMC satisfies all self-consistency conditions for setting the renormalization scale [14] . After proper procedures, all non-conformal {β i }-terms in the perturbative expansion are summed into the running coupling so that the remaining terms in the perturbative series are identical to that of a conformal theory.
The QCD predictions from PMC are then independent of renormalization scheme, inversely, such scheme independence can be adopted to derive commensurate scale relations among different observables [19] . Moreover, after PMC scale setting, the divergent "renormalon" series (n! β n i α n s ) does not appear in the conformal series and the convergence of the pQCD series can be greatly improved in principle. For example, such merits have been shown by a next-to-next-to-leading order (NNLO) PMC analysis of the top-quark pair production at the hadronic colliders [12, 13] . As the main purpose of the present paper, we shall show that even at the NLO level, the pQCD prediction after PMC scale setting can also have such good features, thus our understanding of e + + e − → J/ψ + χ cJ can be greatly improved.
The remaining parts of the paper are organized as follows. In Sec.II, we give the polarized and unpolarized cross sections for the double charmonium production under PMC scale setting. Numerical results and discussions are presented in Sec.III. The final section is reserved for a summary.
II. POLARIZED AND UNPOLARIZED CROSS SECTIONS
To set the PMC scales for high-energy processes, one needs to decompose the perturbative coefficients at each α s order into {β i }-dependent and independent parts respectively. For the double charmonium production at the NLO level, we need to decompose the NLO coefficient B J λ1,λ2 (µ init R ) into β 0 -dependent part (nonconformal part) and β 0 -independent part (conformal part), i.e.
where the non-conformal B J(β) λ1,λ2 (µ init R ) and the conformal B J(con) λ1,λ2 (µ init R ) can be found in the Appendix. Then, following the standard procedure of PMC, the polarized cross section (1) can be rewritten as,
with the PMC scale
It shows that the PMC scales are determined by the nonconformal terms which govern the dominant behavior of the running coupling constant. At present, because the non-conformal terms B J(β) λ1,λ2 (µ init R ) are different for J = 0, 1, 2, the PMC scales, and hence the theoretical estimations, for these cross sections are also different. This is one of the important features of PMC scale setting.
Similarly, the NLO coefficients B 
reduces to
with the PMC scale,
It is noted that the initial scale dependent logarithmic terms in B J(con) λ1,λ2
should be absorbed into the coupling constant simultaneously with the non-conformal terms via the renormalization group equation of the coupling constant, so after applying PMC scale setting, B J(con) λ1,λ2 and B J(con) t are still at the initial scale µ init R . As for the functions of the total cross sections (6), we have
for J = 0;
for J = 2, respectively. Here, for convenience, we have omitted the initial scale µ It is noted that these PMC scales only formally depend on the choice of the initial renormalization scale, but as will be shown later, all these PMC scales are al-most independent of the initial choice of renormalization scale, and then the renormalization scale dependence can be greatly suppressed (or even eliminated in comparison to the errors caused by other uncertainty sources as m c , |R J/ψ (0)|, |R ′ χcJ (0)| and etc.). As a consistent crosscheck of PMC estimation, it is helpful to show whether after PMC scale setting, by summing up all the polarized cross section, one can still get the same result as that of the directly calculated unpolarized cross section. This, inversely, can also be used as a criteria of whether the complex higher-order calculations are right or not.
At the NLO level, it is noted that the coefficients proportional to n f or β 0 are the same, so one can practically obtain µ
. But there are advantages for using PMC other than BLM:
• The PMC provides the underling principle for BLM, which clearly shows how the n f -terms are eliminated. The PMC can be extended to any perturbative order in a self-consistent way.
• That is, to set the optimized scale, it is not simply to set the coefficient before n f to zero but to eliminate n f in a combined form as β 0 or other {β i }-functions that rightly governs the running behavior of the coupling constant. Otherwise, one may not get the correct conformal term for estimating the physical observable, especially in some specific cases when the conformal and non-conformal terms have no connection [14] .
• By using PMC scale setting, one can conveniently show how the pQCD convergence can be improved in principle and how the renormalization scale dependence can be greatly suppressed or eliminated even at the NLO level.
III. NUMERICAL RESULTS AND DISCUSSIONS

A. Input parameters
To do numerical calculation, we set the collision energy √ s = 10.6 GeV, the charm quark mass m c = 1.5 GeV = 0.231 GeV. Based on the experimental values for the leptonic width of J/ψ and ψ(2S) and the width of χ c2 to two photons, we can inversely determine the radial wavefunction |R ns (0)| 1 We adopt the so called 1S-mass for mc [21, 22] , i.e. half of the J/Ψ-mass for charm quark, which is consistent with the boundstate parameters under the potential-model calculations [23, 24] .
at the origin and the first derivative of the radial wavefunction at the origin |R ′ np (0)| through the NLO formulas [25] Γ ψ(ns)→e + e − = 4α
and
To be consistent with the present NLO analysis of quarkonium pair production, we need a NLO determination of |R ns (0)| and |R ′ np (0)|. To set the PMC scales for those decay widths, one needs to finish the NNLO calculation for these processes, which however are not available at present due to its complexity. For simplicity, we set its scale as the one usually suggested in the literature, i.e. µ R = 2m c , and only provide a rough estimation on different scale choices. For experimental values of these decay widths, we adopt those from the Particle Data Group [25] : Γ J/ψ→e + e − = (5.55 ± 0.16) keV, Γ ψ ′ →e + e − = (2.37 ± 0.04) keV and Γ χc 2 →γγ = (0.514 ± 0.062) keV. Then, as a combined error being the squared average of the experimental errors on the decay widths and the theoretical errors caused by varying the scale within the conventional region of [m c , 4m c ], we obtain:
where we have neglected the spin-effects in both the same level S-wave and P -wave states, and treat all 1P -wave states have the same |R
At present, in order to provide a relatively reliable estimation of the scale error, following the idea of PMC, we first transform Eqs. (17, 18) into general renormalization scale dependent forms by including the dominant log-terms, which have been eliminated by directly setting the renormalization scale to be the typical momentum transfer (2m c ) [26] . That is, before analyzing the scale error, Eqs. (17, 18) are rewritten by using conventional running behavior of the coupling constant as
where β 0 = 11 − 2n f /3 and µ R,0 = 2m c . Some subtle points need to be mentioned: I) This scale error analysis follows the idea of PMC but is an approximation because of lacking strict NNLO {β i }-terms to determine its PMC scales; II) Only part of the two-loop correction that partly determines the running behavior of coupling constant has been considered, since it only involves the logterm ln µ 2 R /µ 2 R,0 dependent β-functions. Even though such log term is at the one-order higher, it is necessary and can largely compensate the scale changes at the NLO level, otherwise, one will obtain abnormally large scale errors. III) Since the choice of typical momentum flow is not unique, different choice of it may lead to extra scale uncertainties. IV) In some sense, the present idea of including the dominant scale running effect determined by the renormalization group equation into the scale error analysis is consistent with the idea of the principle of minimum sensitivity (PMS) [27] , in which the renormalization scale is so set as to minimize the sensitivity of the estimation to the scale variation. That is, we observe that the scale choice of µ R = 2m c corresponds to a steady point for those decay widths. This also agrees with the observation of Ref. [18] , i.e. even though the PMS does not satisfy the reflexivity, symmetry and transitivity properties of the renormalization group as PMC does, the PMS is consistent with PMC at least at the NLO level in which its NLO coefficients are also free from β-terms.
These values for the wavefunction parameters are consistent with those of Ref. [7] and those derived from the potential models such as Refs. [23, 24, 28, 29] → J/ψ + χcJ , where three typical initial scales are adopted. It shows that the total cross sections strongly depend on the choice of the (initial) scale under conventional scale setting; while the total cross sections after PMC scale setting are almost independent of µ init R .
2 A better determination of those parameters, such as the consideration of quark mass effect, relativistic effect, higher order effect and etc., shall be helpful for deriving an accurate estimation. Such an analysis is out of the range of present paper. We present the total cross sections before and after PMC scale setting in Table I , where three typical momentum flows are adopted as the initial scale µ init R . Under conventional scale setting, µ R ≡ µ init R , the total cross sections are quite sensitive to the choice of renormalization scale. For example, by varying µ init R from 2m c to √ s/2, total cross sections for the cases of χ c0 , χ c1 and χ c2 production are changed by about 26%, 16% and 8% respectively. This observation agrees with previous estimations obtained in the literature [3] [4] [5] [6] [7] [8] . Then, the scale uncertainty always constitutes an important error source for the conventional estimation. We do not know which scale could be the answer unless by comparing with data, which however greatly suppresses the predictive power of pQCD. On the other hand, after PMC scale setting, we observe that the total cross sections for χ c0 , χ c1 and χ c2 production remain almost unchanged by varying µ init R to be disparate ones as 2m c , √ s/2 and √ s. More explicitly, we present the total cross section versus µ init R in Fig.(1) . It shows that, the total cross sections are almost flat versus the initial renormalization scale, then the renormalization scale ambiguity is eliminated even at the NLO level. After PMC scale setting, we have resummed the non-conformal {β 0 }-terms known at the NLO level into the coupling constant, generally, the LO cross sections will be significantly increased, while the NLO corrections are suppressed to a certain degree. Then, the perturbative convergence can be improved, in principle. The large β 0 -approximation in this sense is consistent with our present treatment, in which all β 0 -terms have been summed up, e.g. for the quarkonium electromagnetic annihilation decays [30] . It is noted that the PMC scale setting can be conveniently extended up to any perturbative order, and any other type of β-terms can also be summed up in a consistent way.
A comparison of our estimations with the experimental Belle BaBar our prediction σ × B >2(0) [31] σ × B>2 [32] σ(J/ψ + χc0)
6.4 ± 1. Comparison of our theoretical predictions for the total cross sections (in unit: fb) of J/ψ(ψ ′ ) + χcJ (J = 0, 1, 2) with the experimental results at the B factories [31] [32] [33] . The first error of our prediction is for mc ∈ [1.40 GeV, 1.60 GeV] and the second error is from the uncertainties of the wavefunction parameters |Rns(0)| and |R ′ np (0)| determined by Eqs. (19, 20, 21) . results are shown in Table II and III, where as a comparison, we also list the results of Refs. [7, 8] . The errors for our present estimations are listed in Table II, (19, 20, 21) . Our estimation for the total cross section of J/ψ + χ c0 production is consistent with the experimental result, but the ψ ′ + χ c0 production cross section is still smaller than the central value of the data. Since the data is still with large error, a future more accurate measurement shall be helpful to clarify this puzzle. As a final remark, there is residual scale dependence due to unknown higher order {β i }-terms, which however is highly suppressed [10] [11] [12] [13] [14] .
In addition to the cases of the total cross sections, it is also interesting to show how PMC scale setting affects the polarized cross sections. We take e + + e − → J/ψ + χ cJ as an explicit example. For each polarized process, the coefficients for the conformal or the non-conformal terms are different due to the enhancement or cancelation among different polarizations, then it is reasonable that the effective momentum flows of them are different. So, in principle, we should introduce different PMC scales for each polarized process.
More explicitly, we put the PMC scales for the polarized cross section versus the initial renormalization scale µ init R in Fig.(2) , where the PMC scales for J = 0, 1, 2 are presented. All PMC scales for the polarized cross sections are almost independent of the initial renormalization scale, which are similar to the cases of total cross sections. Then, the scale uncertainty are also eliminated for the polarized cross sections at the NLO level. This also shows that our present calculation for both the polarized and unpolarized cross sections are consistent with each other. Fig.(2) shows
• For e + + e − → J/ψ + χ c0 process, we need to introduce two different PMC scales for (λ 1 , λ 2 ) = (0, 0) and (1, 0), respectively. The contribution from the helicity channel (1, 0) is about 2 times larger than that of the (0, 0) channel.
• For e + + e − → J/ψ + χ c1 process, we need to introduce three PMC scales. The PMC scales for (λ 1 , λ 2 ) = (0, 1) and (1, 1) are equal to each other due to the same non-conformal terms B 1,1 , so we only have two different PMC scales. The helicity channel (0, 1) provides the dominant contribution for this process.
• For e + + e − → J/ψ + χ c2 process, we need to introduce five PMC scales corresponding to five helicity channels. The PMC scales for (λ 1 , λ 2 ) = (0, 1) and (1, 1) are the same due to the same non-conformal terms B Because of the exponential suppression to the PMC scale as shown by Eq.(5), the LO cross section for each polarized cross section shall be increased to a certain degree, which are shown clearly in Tables IV, V and VI. Defining a parameter C, being the ratio of the cross section at NLO level to that at LO level, we find that the parameter C are 0.73 and 0.82 for (λ 1 , λ 2 ) = (0, 0) and (1, 0) channels of e + + e − → J/ψ + χ c0 under the conventional scale setting; which however changes down to 0.08 and 0.49 after PMC scale setting. For e + + e − → J/ψ + χ c1,2 , the conditions are similar. This shows that the pQCD series become more convergent after PMC scale setting.
IV. SUMMARY
We have applied PMC scale setting to study the polarized and the unpolarized cross sections of e + + e − → J/ψ + χ cJ (J = 0, 1, 2) up to NLO level. After PMC scale setting, we find that the final results are scale-and scheme-independent and the pQCD series becomes more convergent for both the polarized and the unpolarized cross sections. So we gain a more accurate pQCD estimation than those in the literature. More explicitly,
• After PMC scale setting, we obtain the following total cross sections σ(J/ψ + χ c0 ) = 12.25 (19, 20, 21) . Our estimation for the total cross section of J/ψ + χ c0 production is consistent with the experimental result, but the ψ ′ + χ c0 production cross section is still far less than the central value of the B-factory data [31] [32] [33] . Since the data is still with large error, a future more accurate measurement shall be helpful to clarify this puzzle.
• A comparison of Tables II, IV, V and VI shows that e + + e − → J/ψ(ψ ′ ) + χ cJ processes are dominated by J = 0 channel, which have been measured at the B factories. In contrast, the contribution of the e + + e − → J/ψ(ψ ′ ) + χ c1,c2 channels for this process seem to be rather modest even after PMC scale setting, which are about one order lower than that of χ c0 production case. The future super B factory, with much higher luminosity, may eventually observe these polarization patterns.
• Under conventional scale setting, the NLO contribution for all the channels are not small. After PMC scale setting, the pQCD convergence are greatly improved for most of the polarized and unpolarized channels. Thus the unknown NNLO corrections for those channels will not changes our present estimations much, since the contributions from those unknown NNLO β-terms shall be exponentially suppressed to the present PMC scales [10] [11] [12] , which inversely guarantees the unknown conformal terms also provide less important contributions than that of the NLO conformal term. There are also cases when the pQCD convergence cannot be improved even after applying the PMC scale setting. For those cases, we really need a NNLO calculation to make the pQCD estimation more reliable, but which will also not heavily change our present estimations and conclusions. This is similar to the case of top-pair production at the hadronic colliders, where we have found that after the PMC scale setting, not only the scale dependence can be eliminated but also the pQCD convergence can be greatly improved only after finishing a NNLO calculation [10, 12, 13] .
• As a cross check, by taking all the same input parameters, we exactly obtain the results listed in Ref. [8] . It is found that after PMC scale setting, even though we have introduced different PMC scales for different type of cross sections caused by the different non-conformal terms, by summing up all the polarized cross sections, we can get the same result as that of the directly calculated unpolarized cross section for the case of J = 0 and J = 1. This shows that our PMC procedure is self-consistent. However, there is slight difference for the case of J = 2. This shows that the expression for the coefficient B 2(con) 0,0 listed in Ref. [8] could have some typos for the conformal terms.
• It is found that after PMC scale setting, for the polarized cross sections σ 1 1,0 (negative even before PMC scale setting) and σ 2 0,0 , we obtain the "incorrect" negative cross section. Similar to the QCD pomeron case, this could be the problem of the unphysical MS-scheme itself [34, 35] . It has already been pointed that there is also the same "incorrect" sign for the NLO highest eigenvalue of the BFKL equation under the MS-scheme [36, 37] . In Ref. [34] , it has been shown that the reliability of QCD predictions for the intercept of the BFKL pomeron at NLO when evaluated using the physical schemes, such as the momentum space subtraction (MOM) scheme [38] [39] [40] , can be significantly improved.
The "incorrect" sign for σ 1 1,0 and σ 2 0,0 under MS scheme may show that those unknown nonconformal terms from the NNLO or higher orders should have sizable contributions to the LO PMC scale and can not be safely neglected. In fact, the large K factor for these two polarized cross sections shows their pQCD convergence are terrible. It is found that when we transforming the cross sections from the MS schemes to the MOM scheme, such "incorrect" sign disappears. A detailed discussion on this point shall be presented elsewhere [41] .
• As a final remark: e + + e − → J/ψ(ψ ′ ) + χ cJ processes provide another good example for eliminating the renormalization scale ambiguity by using the PMC. Thus, after applying PMC scale setting, it will not only increase the precision of QCD tests, but also it will increase the sensitivity of the collider experiments to new physics beyond the standard model.
(λ 1 , λ 2 ) with different J, the non-conformal NLO coefficients B J(β) λ1,λ2 and the conformal NLO coefficients B J(con) λ1,λ2
at the renormalization scale µ R can be written as: 
